We investigate spin transport by thermally excited spin waves in an antiferromagnetic insulator. Starting from a stochastic Landau-Lifshitz-Gilbert phenomenology, we obtain the out-of-equilibrium spin-wave properties. In linear response to spin biasing and a temperature gradient, we compute the spin transport through a normal metal|antiferromagnet|normal metal heterostructure. We show that the spin conductance diverges as one approaches the spin-flop transition; this enhancement of the conductance should be readily observable by sweeping the magnetic field across the spin-flop transition. The results from such experiments may, on the one hand, enhance our understanding of spin transport near a phase transition, and on the other be useful for applications that require a large degree of tunability of spin currents. In contrast, the spin Seebeck coefficient does not diverge at the spin-flop transition. Furthermore, the spin Seebeck coefficient is finite even at zero magnetic field, provided that the normal metal contacts break the symmetry between the antiferromagnetic sublattices.
Introduction. Antiferromagnets have recently garnered increasing interest in the spintronics community, both for their novel intrinsic properties and their technological potential. Their appealing features are their lack of stray magnetic fields, fast dynamics relative to ferromagnets, and robustness against external fields [1] . The last property is a double-edged sword, as the lack of response to an external field makes control of antiferromagnets challenging. Recent theoretical and experimental work has instead sought to generate and detect antiferromagnetic dynamics optically [2] and electrically [3] .
Spin transport through insulators is of particular interest since there is no dissipation associated with the motion of electrons. However, there is currently a lack of understanding how spins can flow between metals via antiferromagnetic insulators. Exploring these phenomena is essential for exploiting antiferromagnetic insulators in a more active role in spintronics. In ferromagnets, equilibrium thermal fluctuations generate spin waves that can drive coherent magnetic dynamics [4] or transport spins [5] . For instance, a non-local spin conductance contains signatures of the spin transport properties. Measurements of this spin conductance have generated considerable excitement in the spintronics community [5] . It is of interest to see if thermal magnons can provide a similar long-range spin-transport in antiferromagnetic insulators. We predict that the spin conductance is as substantial in antiferromagnets and therefore expect that thermal magnon transport in these systems will generate a sizeable interest as well. Below we discuss in detail two scenarios to open the door for long-range spin transport through antiferromagnetic insulators, without the need for adjacent ferromagnets, or, in principle, magnetic fields.
In antiferromagnets, at zero magnetic fields, spin-wave excitations are doubly degenerate. The two branches carry opposite spin polarity. Thus, to realize spin transport by thermally generated spin waves, the symmetry between the antiferromagnetic sublattices must be lifted. One means of achieving this is to employ a ferromagnetic layer, controlled by a magnetic field [6] . Alternatively, the magnetic field itself suffices to break the sublattice symmetry, eliminating the need for a ferromagnetic component. Ref. [7] measured the spin Seebeck effect [8, 9] , in which angular momentum is driven by a temperature gradient in bipartite electrically insulating antiferromagnets at finite magnetic fields. The first scenario is the injection of thermal magnons by a spin accumulation in an adjacent metal. While spin accumulation-induced thermal magnon injection in ferromagnet|normal metal heterostructures has been the subject of recent theoretical research [10, 11] , predictions for the antiferromagnetic analogue are currently lacking and are restricted to coherent magnetic dynamics of the antiferromagnetic order and the resulting spin superfluidity that requires external fields [12, 13] . Here, we show that the spin conductivity of thermal magnons is strongly enhanced upon approaching the spin-flop transition. This leads to a large amount of tunability of the magnon transport by an external field which may be desirable for applications.
A second possibility for engineering magnon spin transport in antiferromagnets is to break the interface sublattice symmetry. Magnetically uncompensated antiferromagnet|metal interfaces have been studied theoretically [14] . Nevertheless, the possibility of realizing a spin Seebeck effect by breaking the sublattice symmetry at the interface has not been proposed until now.
Stochastic Dynamics. We consider a bipartite antiferromagnet (AF). The system is translationally invariant in the yz plane. There is an interface along the plane x = −d/2 on the left with a normal metal (LNM) and an interface along the plane x = d/2 with an identical normal metal (RNM) on the right (see Fig. 1a ). Let us suppose that a spin accumulation µ = µẑ is fixed by, e.g., spin Hall physics in the left lead, or that a linear phonon temperature profile is established across the structure [15] .
We begin by parameterizing the AF spin degrees of freedom in the long wavelength limit by the Néel order unit vector n and dimensionless magnetization m. At zero temperature, the AF relaxes towards a ground state which is determined by the free energy U [16]:
(1) Here, s = s a + s b is the sum of the saturation spin densities of the a and b sublattices (in units of ), V is the volume of the AF, χ is the susceptibility, A is the Néel order exchange stiffness and K(> 0) is the uniaxial, easy-axis anisotropy. The external magnetic field H is taken to be applied along the z direction in order to preserve rotational symmetry around the z axis in spin space. The bulk symmetry of the bipartite lattice under the interchange of the sublattices, which sends m → m and n → −n, is manifest in the form of U .
At sufficiently small magnetic fields, |H| < H c = K/χ, the ground states are degenerate, given by n = ±z and m = 0, and the AF is in the antiferromagnetic phase. In the antiferromagnetic phase, the ground state magnetic texture is insensitive to the spin accumulation µ in the linear response, and the AF does not support a spin current at zero temperature. At fields |H| > H c , the ground state is "spin-flopped", with m ∝ z and n in the xy plane. Spin biasing of the spin-flopped state generates a spin super current [12, 17] at zero temperature. In order to focus on transport by thermally activated spin waves, we restrict the following discussion to the antiferromagnetic phase. Furthermore, in this phase, the spin waves are circular and therefore simpler to analyze.
At finite temperatures, fluctuations drive the AF texture away from the zero temperature configuration, necessitating equations of motion that incorporate bulk and boundary fluctuations and dissipation. The small amplitude excitations of the Néel order above the ground state n = −z are δn described by the linearized equation of motion in the bulk (−d/2 < x < d/2):
(see Supplemental Material). Here, n = n(x, q, ω) is the Fourier transform (in the coordinates ρ = yŷ + zẑ and t) of n(x, ρ, t) ≡ n x (x, ρ, t) + in y (x, ρ, t), while lattice that drive n, is connected to the bulk Gilbert damping α by the fluctuation dissipation theorem (here in the large exchange regime, χ
where T = T (x) is the local temperature in units of energy. Complementing Eq. (2) are boundary conditions on n:
where f L and f R correspond to fluctuations by lead electrons at the interfaces. The quantity α ω ≡ α − η ωα , describing dissipation of magnetic dynamics at the interfaces (which we have taken to be identical for simplicity), has contributions from both sublattice-symmetryrespecting (α ) and -breaking (α ) microscopics there. For example, in a simple model in which fluctuation and dissipation torques for the two sublattices are treated independently (see Supplemental Material), one finds α = (α a + α b )/2 andα = (α a − α b )/2; here α ζ = g ↑↓ ζ /4πsd (with g ↑↓ ζ as the spin mixing conductance) is the effective damping due to spin pumping for sublattice ζ = a, b [12, 14] (see Fig. 1b ). Such a model corresponds to the continuum limit of a synthetic antiferromagnet (composed of ferromagnetic macrospins separated by normal metals) in which sublattice symmetry breaking may be more carefully controlled (see Fig. 1c ).
The effective surface forces f L(R) and damping coefficient α ω are connected via the fluctuation-dissipations theorems for the l = L, R interfaces:
where we have retained terms up to first order in η ω .
Here T L and T R are lead electronic temperatures, and, in our setup, µ L = µ and µ R = 0. Spin Transport. We now obtain the spin current that flows across the right interface in linear response to the spin accumulation µ = µẑ at the left interface. Rewriting the equation of motion for the magnetization m (Eq. (2) in the supplementary material) as a continuity equation for the spin density s = s m, one obtains an expression for the spin current: j = −sAn × ∂ x n. Solving Eqs. (2)- (5) in the absence of a temperature gradient, retaining terms only up to linear order in µ, the z-spin current flowing through the right interface becomes:
where we have introduced the spin conductance G.
In the low-damping/thin-film limit, d λ, where λ 2 ≡ A/αT is the imaginary correction to q 2 (i.e. q 2 = q 2 r + iλ −2 with q r real) due to Gilbert damping, the spin current is carried by well defined spinwave modes (corresponding to solutions to Eq. (2) in the absence of noise) with frequencies ω
Here q is the transverse wavevector, l is an integer denoting spin-wave confinement in the x direction, and the labels ± corresponds to the two spin-wave branches for which n rotates in opposite directions, as ω (+) lq has the opposite sign of ω (−) lq (though a different magnitude when H = 0) In the low damping thin/film limit, the spin conductance G is therefore a sum over contributions from each of these modes and can further be broken into "symmetric" and "antisymmetric" (under interchange of the sublattices) pieces:
Defining:
with ω (±) = −H ±ξ, the symmetric contribution, which is proportional to α , is: where
, with ς l = 1 for l = 0 and ς l = 2 for l > 0 (reflecting the exchange boundary conditions [18, 19] ). The antisymmetric piece, which is proportional toα , reads:
where
(ξ/T ) and we have assumed thatα α . From Eqs. (9) and (10) we find an algebraic decay of the spin current with film thickness. In the extreme thin film limit, d g ↑↓ /4πsα, the damping at the interface dominates over bulk, and both contributions decay as 1/d; in the opposite regime, d g ↑↓ /4πsα, one has that both again decay in the same way, as 1/d 2 . The symmetric and antisymmetric contributions may instead be distinguished by reversing the direction of the applied field: G (A) (ξ/T ) changes sign under H → −H (and therefore vanishes at zero field), while G (S) (ξ/T ) remains the same. Note however that the antisymmetric contribution, Eq. (10), is suppressed by a factor of T χ 1 relative to the symmetric contribution, Eq. (9).
As a consequence of the divergence of the BoseEinstein distribution at zero spin-wave gap (and as a precursor to superfluid transport [12] ), the spin conductance diverges as one approaches the spin-flop transition. The boundary for the antiferromagnetic phase is defined by the vanishing of the spin-wave gap for one of the modes ( ω (±) 00 = 0), which determines the critical field, H c = K/χ. Then, from Eqs. (9) and (10), both the symmetric and antisymmetric contributions diverge as 1/(1 − |H| /H c ) as H → H c (see Fig. 2 ). This enhancement of the spin-wave conductance is a key feature of spin transport in antiferromagetic insulators with a spin-flop transition.
We may compare these results with spin transport driven by a temperature gradient. Supposing a linear temperature gradient T (x) = T + (∂ x T )x, with a continuous profile across the structure so that T L = T −∂ x T d/2 and T R = T + ∂ x T d/2, Eqs. (2)-(5) yield a spin current for µ = 0:
where ∆T = d∂ x T is the temperature change across the AF. In the low-damping/thin-film limit, the Seebeck coefficient S similarly separates into symmetric and antisymmetric sums over discrete spin-wave modes:
is the symmetric contribution, with
(ξ/T ), and
the antisymmetric contribution, with
(ξ/T ). In contrast to the spin conductance, there is no divergence in the spin Seebeck coefficient as H → H c . Furthermore, the antisymmetric contribution is even under H → −H (and is generally nonzero at zero field), while the symmetric contribution is odd (vanishing at zero field, as is required by sublattice symmetry); in contrast to spin biasing, a temperature gradient requires either a field or sublattice symmetry breaking at the interfaces in order to generate a spin current, else the two branches ± carry equal and opposite spin currents. Both symmetric and antisymmetric contributions to S decay as 1/d; writing j = S∆T = ς∂ x T , one finds that ς ≡ Sd is constant, reflecting that the Seebeck effect here is driven by bulk fluctuations.
The transport coefficients G and S may be inferred from a number of different experiments. Suppose, for example, the leads are heavy metal with large spin-orbit interactions. The spin conductance G may then be measured electrically as follows. Via the spin Hall effect, a spin accumulation is created in the LNM from an applied electric current I L flowing in the y direction. In turn, the spin accumulation excites spin-waves in the AF, as (12) for α = 0.1, d = l = √ Aχ, and χ −1 = 10Hc. S (S) (upper inset) and S (A) (lower inset) as functions of temperature for fixed ξ. While the symmetric contribution vanishes at high temperatures, the antisymmetric contribution saturates at S (A) = 8. In all figures, the solid purple/green curves correspond to H ranging from 0 to Hc in increments of Hc/10 (color online). At high temperatures, S grows larger with temperature, in contrast with [7] and [9] ; see second section of Supplemental Material.
described above. Via the inverse spin Hall effect, this spin current is then converted to a measurable electrical current flowing in the y-direction inside the RNM. Under closed-circuit conditions, this current manifests as a voltage build-up V R . For a platinum|MnF 2 |platinum structure, we find a nonlocal resistance R = V R /I L ∼ mΩ from our theory, which is of the same order of magnitude as that measured in [10] for a ferromagnet. Similarly, for the same setup, the Seebeck coefficient S can be obtained by applying a temperature difference across the structure. We estimate that a temperature difference of ∆T = 10 −3 K applied across a 10nm thick AF results in a voltage ∼ µV, which is in the range of that measured by [7] . (See third section of Supplemental Material). In addition to MnF 2 , other materials, such NiO [20] and Cr 2 O 3 [1, 21] , are also possible condidates for the insulating antiferromagnetic layer.
Conclusion and Discussion. In this Letter, we have theoretically demonstrated two methods to realize spin transport in thin antiferromagnetic insulators that do not require the presence of a magnetic field or a ferromagnet. Working from a stochastic Landau-Lifshitz-Gilbert phenomenology, we obtained two key results. First, the spin conductance diverges as the magnetic field approaches the spin-flop transition. Second, the spin Seebeck effect may survive at zero field if the symmetry between antiferromagnetic sublattices is broken at the interface with normal metal contacts. Additionally, we estimated the inverse spin Hall voltages that would be produced by spin and temperature biasing in experiments.
The thin-film approximation, Eqs. (7) to (14), in which the structural transport coefficients consist of contributions from well-defined spin-wave modes, are valid for thicknesses d λ. The parameter λ = A/αT , which describes the decay of magnons across the thickness of the film, can be estimated from a Heisenberg model on a lattice as λ ∼ a T N /T α (supposing T H, K), where T N is the Néel temperature and a the lattice spacing. For T ∼ T N /10, a low damping factor α ∼ 10 −3 and a lattice spacing a ∼nm, for example, λ corresponds to a thickness of ∼50 nm, which grows larger at lower temperatures.
The stochastic Landau-Lifshitz-Gilbert phenomenology we employed, Eqs. (2)- (5), may of course be extended to thicker films, resulting in, for example, an exponential decay over the lengthscale λ 2 |k T | ∼ √ Aχ/α (with |k T | as the magnon thermal wavevector) rather than an algebraic decay of the spin conductance with distance. Thicker films, however, introduce additional complications, e.g., elastic disorder scattering and phonon-magnon coupling (e.g. phonon drag). Spin wave interactions (scattering and mean field effects), which are absent in the single particle treatment above, may change transport at higher spin wave densities, e.g. at higher temperatures/thicker films or near the spin-flop transition, where the BoseEinstein divergence may necessitate a many-body treatment thereby altering the conductance G. Review B 91, 6700104 (2015).
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DERIVATION OF SPIN WAVE EQUATIONS OF MOTION
In this section, we obtain Eqs. (2)- (5) from the free energy, Eq. (1). We begin with the nonlinear coupled equations for the Néel order and magnetization:
Here, F m = −s −1 δU/δm and F n = −s −1 δU/δn, with δ representing a functional derivative [17] . The terms τ n and τ m capture thermal fluctuations and dissipation in the bulk and at the interfaces. It is possible to find phenomenological expressions for τ n and τ m by listing out all terms with the appropriate symmetries. We take an alternative approach and construct τ n and τ m from the corresponding torques that would arise on two separate ferromagnetic sublattices [20] (see Fig. 1b ). Momentarily neglecting the spin accumulation inside the left normal metal, the fluctuating and dissipative torques are:
where m ζ is a unit vector in the direction of the magnetization of the ζ = a, b sublattice. The parameter α ζ depends on the coordinate x:
where α is the bulk damping, while α ζ = g ↑↓ ζ /4πsd, with g ↑↓ ζ as the spin mixing conductance, is the effective damping due to spin pumping [12, 14] , which may differ for the two sublattices (see Fig. 1c ). (For simplicity, we assume that α ζ is the same at the left and right interfaces.) Meanwhile, the fluctuating forces f ζ have contributions from both the interfaces and the bulk:
where ρ = yŷ + zẑ. The bulk and interface Langevin sources are subject to the fluctuation-dissipation relations:
with l = L, R. The bulk and interface noise functions R(x, t − t ) and R L(R) (t − t ) respectively depend on the bulk and left (right) interface temperatures T (x) and T L(R) . In the white noise limit, these are proportional to δ(t − t ); we will consider colored noise, and because we will require only the Fourier transforms of the these quantities (see Eqs. (3) and (5)), we do not specify the time-dependence of the colored noise functions here. Then,
Here,P = 1 − n(n·)) projects out components colinear with n, ensuring that |n| = 1, while f m = (f a + f b )/2, f n = (f a − f b )/2, α S (x) = (α a (x) + α b (x))/2, and α A (x) = (α a (x) − α b (x))/2. Finally, to include a spin accumulation µ along the left interface, we replace ṅ ζ → ṁ ζ − µ × m ζ in the terms with δ(x + d/2) in Eq. (17) above of the supplemental material (SM); correspondingly, ṅ → ṅ − µ × n and ṁ → ṁ − µ × m in the terms with δ(x + d/2) in SM Eqs. (22) and (23), above. Inserting the expressions for τ n and τ m of SM Eqs. (22) and (23) into SM Eqs. (15) and (16), we obtain the full nonlinear equations for the noisy antiferromagnetic dynamics. Note that the terms proportional to α A in SM Eqs. (22) and (23) break the symmetry of SM Eqs. (15) and (16) under n → −n, m → m, reflecting the broken a ↔ b sublattice symmetry at the interfaces.
Next, we expand SM Eqs. (15) and (16) around the ground state, which we have chosen, without loss of generality, as n = +ẑ. Writing µ = µẑ in order to preserve rotational symmetry of the spin around the z axis, we define for a = n, m, f m and f n the Fourier transform in a circular basis:
dt 2π e iωt−iq·ρ [a x (r, t) + ia y (r, t)] ,
so the linearized equations of motion become: 
